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The Top Brass example revisited

ma>;imize 12f +9s

subject to: 4f 4 2s < 4800, f +s <1750
0 < f <1000, 0<s <1500

Suppose the maximum profit is p*. How can we bound p*?

e Finding a lower bound is easy... pick any feasible point!
» {f =0,s =0} is feasible. So p* > 0 (we can do better...)
» {f =500,s = 1000} is feasible. So p* > 15000.
» {f =1000,s = 400} is feasible. So p* > 15600.

e Each feasible point of the LP yields a lower bound for p*.

e Finding the largest lower bound = solving the LP!
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Estimating upper bounds

ma>§rimize 12f +9s

subject to: 4f 4 2s < 4800, f +s <1750
0 < f <1000, 0<s <1500

Suppose the maximum profit is p*. How can we bound p*?

e Finding an upper bound is harder... (use the constraints!)

» 12f 495 < 12-1000 + 9 - 1500 = 25500. So p* < 25500.
» 12f +9s < f + (4f + 2s) + 7(f +s)
< 1000 + 4800 + 7 - 1750 = 18050. So p* < 18050.

e Combining the constraints in different ways yields different
upper bounds on the optimal profit p*.
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Estimating upper bounds

Suppose the maximum profit is p*. How can we bound p*?
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Estimating upper bounds

ma>§rimize 12f +9s

subject to: 4f 4 2s < 4800, f +s <1750
0 < f <1000, 0<s <1500

e Let \i, Ay, A3, Ay > 0 be the multipliers. If we can choose
them such that for any feasible f and s, we have:

12f + 95 < A\ (4F +25) + Mo(f +5) + Asf + Aas (1)

Then, using the constraints, we will have the following
upper bound on the optimal profit:

12f + 9s < 4800A; + 1750\, 4 100035 + 15004
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Estimating upper bounds

ma>§rimize 12f +9s

subject to: 4f 4 2s < 4800, f +s <1750
0 < f <1000, 0<s <1500

e Let \i, Ay, A3, Ay > 0 be the multipliers. If we can choose
them such that for any feasible f and s, we have:

12f + 95 < A\ (4F +25) + Mo(f +5) + Asf + Aas (1)
Rearranging (1), we get:
0 S (4)\1+)\2—|—/\3— 12)f—|—(2)\1+/\2+/\4—9)5

We can ensure this always holds by choosing A1, A>, A3, A4
to make the bracketed terms nonnegative.
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Estimating upper bounds

ma>§rimize 12f +9s

subject to: 4f 4 2s < 4800, f +s <1750
0 <f <1000, 0<s <1500
e Recap: If we choose A1, Ay, A3, Ay > 0 such that:
4)\1‘1‘)\2‘1‘)\3 Z 12 and 2)\1+)\2+)\429
Then we have a upper bound on the optimal profit:

p* < 4800\; + 1750\, 4+ 10003 + 1500\,

Finding the best (smallest) upper bound is... an LP!
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The dual of Top Brass

To find the best upper bound, solve the dual problem:
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The dual of Top Brass

Primal problem: Dual problem:
ma>§imize 12f +9s rr;\inim)i\ze 48001 + 1750)\>
;S I PERREYAY
subject to: 4f + 2s < 4800 + 100025 + 15004
f+s <1750 subject to:  4X; + Ao+ A3 > 12

f <1000 20+ X+ >9
s < 1500 A1, A2, A3, A >0
f,s>0

Solution is p*. Solution is d*.

Primal is a maximization, dual is a minimization.

There is a dual variable for each primal constraint.

There is a dual constraint for each primal variable.

(any feasible primal point) < p* < d* < (any feasible dual point)
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The dual of Top Brass

Primal problem:

Using matrix notation...

Code: Top Brass dual.ipynb

Dual problem:
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http://nbviewer.jupyter.org/url/www.laurentlessard.com/teaching/cs524/examples/Top Brass dual.ipynb

General LP duality

Primal problem (P) Dual problem (D)
maximize c'x mini/\mize b™
subject to: Ax < b subject to: AT\ > ¢

x>0 A>0

If x and A are feasible points of (P) and (D) respectively:
cTx<p <d" <b"A

*

Powerful fact: if p* and d* exist and are finite, then p* = d*.

This property is known as strong duality.



General LP duality

Primal problem (P)

maximize c'x
X
subject to: Ax < b
x>0

1. optimal p* is attained
2. unbounded: p* = 400

3. infeasible: p* = —o0

Dual problem (D)

mini/\mize b™
subject to: AT\ > ¢
A>0

1. optimal d* is attained
2. unbounded: d* = —o0

3. infeasible: d* = +o0

Which combinations are possible? Remember: p* < d*.



General LP duality

Primal problem (P) Dual problem (D)
maximize c'x mini/\mize b™
subject to: Ax < b subject to: AT\ > ¢

x>0 A>0

There are exactly four possibilities:

1. (P) and (D) are both feasible and bounded, and p* = d*.

2. p* = +oo (unbounded primal) and d* = 400 (infeasible dual).
3. p* = —oo (infeasible primal) and d* = —oco (unbounded dual).
4. p* = —oo (infeasible primal) and d* = +oo (infeasible dual).



More properties of the dual

To find the dual of an LP that is not in standard form:

1. convert the LP to standard form e o L2 el

2. write the d%'?l ) not true in general.
3. make simplifications

Example: What is the dual of the dual? the primal!

min b\ —min (—c)'z
A dual z _
st. A\>c¢ st. (—A)z>(-b) equiv
A>0 z>0
—max (=b)"x max c'z
: st. (AN < (—¢) st. Az<b
equiv P .



More duals

Standard form:

Free form:

Mixed constraints:
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More duals

Equivalences between primal and dual problems

Minimization

Maximization

Nonnegative variable >
Nonpositive variable <
Free variable

Inequality constraint >
Inequality constraint <

Equality constraint =

Inequality constraint <
Inequality constraint >
Equality constraint =

Nonnegative variable >
Nonpositive variable <

Free Variable




Simple example

Why should we care about the dual?

1. It can sometimes make a problem easier to solve

m)in 2\
T}i)z( S - dual st. A>3
st. x+2y+2z<2 22 >1
X,y,ZZO AZQ

A >

» Dual is much easier in this case!

» Many solvers take advantage of duality.

2. Duality is related to the idea of sensitivity: how much do
each of your constraints affect the optimal cost?



Sensitivity

Primal problem: Dual problem:

Solution is p*. Solution is d*.
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Sensitivity

Primal problem: Dual problem:
ma>§imize 12f +9s rr;\inim)i\ze 48001 + 1750\,
;S I PERREYAY
subject to: 4 + 25 < 4800 - 00 S AU
f+s <1750 subject to:  4X; + Ao+ A3 > 12

f <1000 20+ X+ >9
s < 1500 A1, A2, A3, A >0
f,s>0

Solution is p*. Solution is d*.

e changes in primal constraints are changes in the dual cost.

e a small change to the feasible set of the primal problem can
change the optimal f and s, but Ay, ..., A4 will not change!

e if we increase 4800 by 1, then p* = d* increases by ;.



Sensitivity of Top Brass

soccer balls (s)

A e
1,500 AN \ A\
0
AN
1,250
(dual variables)
1,000 A
7 ] * '...
50 \
500 1 "f\\uﬂ \
© b
N g
250 ",
" o
0 :
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footballs (f)

1,000

max 12f +9s
f,s

s.t. 4f +2s <5200
f+s <1750
0 < f <1000
0 <s <1500

What happens if we
add 400 wood?
Profit goes up by $600!

shadow price is $1.50,
so $1 is a good price.
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Units

e In Top Brass, the primal variables f and s are the number
of football and soccer trophies. The total profit is:

(profit in §) = (12 ;>(f football trophies)

football trophy

+ (9 #)(s soccer trophies)

soccer trophy

e The dual variables also have units. To find them, look at
the cost function for the dual problem:

o _ $
(profit in $) = (4800 board feet of wood)()\l m)

+ (1750 plaques) ()\2 5 ) +--

plaque

A; is the price that item / is worth to us.



Sensitivity in general

Primal problem (P) Dual problem (D)
maximize c'x minimize (b+e)™A
subject to: Ax < b+ e subject to: AT\ > ¢
x>0 A>0

Suppose we add a small e to the constraint vector b.

e The optimal x* (and therefore p*) may change, since we are
changing the feasible set of (P). Call new values X* and p*.

e As long as e is small enough, the optimal A will not
change, since the feasible set of (D) is the same.

e Before: p* = b'\*.  After: p* = b'A\* + e\
e Therefore: (p* — p*) = e"\*. Letting e — 0, V,(p*) = \*.



Sensitivity of Top Brass
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Complementary slackness

e At the optimal point, some inequality constraints become
tight. Ex: wood and plaque constraints in Top Brass.

e Some inequality constraints may remain loose, even at
optimality. Ex: brass football /soccer ball constraints.
These constraints have slack.

Either a primal constraint is tight or its dual variable is zero.

The same thing happens when we solve the dual problem. Some
dual constraints may have slack and others may not.

Either a dual constraint is tight or its primal variable is zero.

These properties are called complementary slackness.



Proof of complementary slackness

e Primal: max, c'x st . Ax<b, x>0

e Dual: miny, bTA st. ATA>c, A>0

Suppose (x, A) is feasible for the primal and the dual.
e Because Ax < band A\ >0, we have: A\TAx < bT ).

e Because ¢ < AT) and x > 0, we have: c'x < \TAx.
Combining both inequalities: c"x < ATAx < b7\,

By strong duality, cTx* = \*TAx* = bT\*



Proof of complementary slackness

cTx* = NTAx = b"\*
u;v; = 0 means

that: u; =0, or
The first equation says: x*' (ATA* — ¢) = 0. v; =0, or both.

But x* > 0 and ATA\* > ¢, therefore:
D XAV —0)i=0 = XA\ —c);=0 Vi
i—1

Similarly, the second equation says: A\*' (Ax* — b) = 0.
But \* > 0 and Ax* < b, therefore:

m

Z/\;(AX*_b)j:o —_— )\j(Ax*—b)J-:O W]

J=1



Another simple example

Primal problem: Dual problem:
minimize X1 + Xo maxi}\mize 51 46X + A3
subject to: 2x; +x > 5 subject to: 2\ + X+ A3 =1
x1+4x > 6 A +4 =1

X]-Zl )\17)\27>\320

Question: s the feasible point (x1, x) = (1, 3) optimal?
e Second primal constraint is slack, therefore A, = 0.

e Costs should match, so 5\ + A3 = 4.

e Dual constraints must hold, so 2A\; + A3 =1 and A\ = 1.

e Only solution is A\; =1, \; =0, A3 = —1. This does not
satisfy A; > 0 so the dual has no corresponding point!

(1,3) is not optimal for the primal.



Another simple example

Primal problem: Dual problem:
minimize X1 + Xo maxi}\mize 51 46X + A3
subject to: 2x; +x > 5 subject to: 2\ + X+ A3 =1
x1+4x > 6 A +4 =1

X]-Zl )\17)\27>\320

Another question: Is (x;,x) = (2, 1) optimal?

e Third primal constraint is slack, therefore \3 = 0.

e Costs should match, so bA; + 6, = 3.

e Dual constraints hold, so 2A;1 + A\, = 1 and A\; +4), = 1.

e A solution is \; = % Ay — % A3 = 0, which is dual feasible!

(2,1) is optimal for the primal.



	Duality
	Estimating LP bounds
	LP duality
	Simple example
	Sensitivity and shadow prices
	Complementary slackness
	Another simple example


